Abstract. Let k be an algebraically closed field of characteristic 0, and let A be the complete local ring of a simple curve singularity defined over k. For any maximal Cohen-Macaulay A-module M , we show that there exists an integrable connection on M , i.e. an A-linear homomorphism ∇ : Der k (A) → End k (M ) that satisfy the Leibniz property and preserves the Lie product.
Introduction
Let k be an algebraically closed field of characteristic 0, let A be a commutative k-algebra and let M be an A-module. We define a connection on M to be an A-linear homomorphism If ∇ is also a homomorphism of Lie algebras, then we call ∇ an integrable connection on M.
Let us consider the case when A is a complete local k-algebra of a simple hypersurface curve singularity and M is a maximal CohenMacaulay (MCM) A-module. We show the following theorem: Theorem 1. Let A be the complete local ring of a simple hypersurface curve singularity defined over k. For any maximal Cohen-Macaulay A-module M, there exists an integrable connection on M.
There is a complete list of representatives of the isomorphism classes of indecomposable MCM A-modules for the simple curve singularities, see Greuel, Knörrer [5] , and the proof is by explicit construction of a connection in each case.
When A is a simple irreducible hypersurface curve singularity and M is maximal Cohen-Macaulay A-module of rank one, there is another argument for the existence of an integrable connection on M. In this case, A is isomorphic to the complete local ring k[ [Γ] ] of a numerical semigroup Γ ⊆ N 0 , and M can be realized as k [[Λ] ], where Γ ⊆ Λ ⊆ N 0 .
It is easy to see that the natural action of the Euler derivation on k[[Λ]]
induces an integrable connection on M in this case.
However, we are not aware of any argument of this type for the existence of an integrable connection on M in the general case, when A is any simple curve singularity and M is a maximal Cohen-Macaulay A-module of any rank.
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Connections for simple curve singularities
Let A be the complete local k-algebra of a simple hypersurface singularity of dimension d = 1, see Arnol ′ d [1] and Wall [7] . Then A ∼ = k[[x, y]]/(f ), where f is of the form
n ≥ 1
n ≥ 4
It is known that the simple hypersurface singularities are exactly the hypersurface singularities which are of finite CM representation type, i.e. which have a finite number of isomorphism classes of indecomposable maximal Cohen-Macaulay (MCM) A-modules, see Knörrer [6] and Buchweitz, Greuel, Schreyer [2] . The MCM modules are given by matrix factorizations, see Eisenbud [3] , and are completely classified. A complete list can be found in Greuel, Knörrer [5] in the curve case. See also the overview given in Yoshino [8] .
Theorem 1. Let A be the complete local ring of a simple hypersurface curve singularity defined over k. For any maximal Cohen-Macaulay A-module M, there exists an integrable connection on M.
Proof. We may assume that M is an indecomposable MCM A-module, because if ∇ is an integrable connection on M and ∇ ′ is an integrable connection on M ′ , then
We may also assume that M is not free. There is a complete list of indecomposable non-free MCM modules over any simple curve singularity A = k[[x, y]]/(f ), with representatives corresponding to the indecomposable, reduced matrix factorizations of f . We construct an integrable connection in each case, and give a complete list of these connections in the next sections.
The singularity
for an integer n ≥ 1. The derivation module Der k (A) is generated by the derivations
The relations between these generators are given by the columns of the presentation matrix For 1 ≤ l ≤ p, the matrix factorization
These matrix factorizations correspond to the following list of non-free indecomposable MCM A-modules:
We use the presentation φ :
which induces an integrable connection on M:
For the module M l with 1 ≤ l ≤ p, we find the integrable connection For 1 ≤ l ≤ p − 1, the matrix factorization
and the matrix factorizations
For the module M l with 1 ≤ l ≤ p−1, we find the integrable connection
and for each the modules N + and N − , we find the integrable connection
2 y + y n−1 for an integer n ≥ 4. The derivation module Der k (A) is generated by the derivations
The relations between these generators are given by the columns of the presentation matrix 
and finally, the matrix factorizations
For the modules M l , N l and Y l with 1 ≤ l ≤ p, we find the integrable connection
for the module X l with 1 ≤ l ≤ p + 1, we find the integrable connection
and for the modules B 1 , B 2 , we find the integrable connection
We have the following list of reduced, indecomposable matrix factorizations of f over the ring k[[x, y]], up to equivalence:
For 1 ≤ l ≤ p − 1, the matrix factorization
for 1 ≤ l ≤ p, the matrix factorization
For the modules M l and N l with 1 ≤ l ≤ p − 1, we find the integrable connection
for the module X l with 1 ≤ l ≤ p, we find the integrable connection
for the module Y l with 1 ≤ l ≤ p, we find the integrable connection
and for the modules B 1 , B 2 , C + , C − , D + , D − , we find the integrable connection
The derivation module Der k (A) is generated by the derivations
The relations between these generators are given by the columns of the presentation matrix x 
For the module M l with 1 ≤ l ≤ 2, we find the integrable connection
for the module N, we find the integrable connection
for the module X, we find the integrable connection
for the module Y , we find the integrable connection
and for the module Z, we find the integrable connection
and the matrix factorizations These matrix factorizations correspond to the following list of non-free indecomposable MCM A-modules:
for the module N l , with 1 ≤ l ≤ 2, we find the integrable connection
for the modules P and Q, we find the integrable connection
for the modules R and S, we find the integrable connection
for the module X 1 , we find the integrable connection for the module X 3 , we find the integrable connection
and for the module Y 3 , we find the integrable connection 
for the module N l with 1 ≤ l ≤ 2, we we find the integrable connection
for the module P l with 1 ≤ l ≤ 2, we find the integrable connection for the module R 1 , we find the integrable connection
for the module R 2 , we find the integrable connection
for the module S 1 , we find the integrable connection
for the module S 2 , we find the integrable connection
for the module T 1 , we find the integrable connection 
